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Les termes du A-calcul sont de la forme :

M,N,L,... == X (variable)
| Ax.M “x = M (abstraction)
| MN “M(N)" (application)
Exécution d’un programme : Opération de [-réduction :
def double(n): (Ax.M) N —5 M[N/x]

return n + n

double(3) — 2 + 2 — 6



Les termes du A-calcul sont de la forme :

M,N,L,... == X (variable)
| Ax.M “x = M (abstraction)
| MN “M(N)" (application)
Exécution d’un programme : Opération de [-réduction :
def double(n): (Ax.M) N —5 M[N/x]

return n + n

double(?) — = + 2 — 6 Exemple. (Ax.yxx) N —gyNN.
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Jeux Calculs | Programmation
Les types du A-calcul sont :
Arénes Types Types
AB,... = e’ (type de base) barti Exéeuti
| A— B (fonction) arties Xecutions
Stratégies | Termes Programmes
Exemple.
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Les termes du calcul a ressources sont de la forme :

s,tyu... u= X (variable)
| Ax.s (abstraction)
| s [tr,ta,...,ts] (application)

Exemple.
Ay X [X]) [t 2] =g ylulle] + yle][n]

(ey X114 [1] —p 0

(Mxy [X][X]) [t t2,0] —p O
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Pointer Concurrent Games and the Resource Calculus
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Games Calculi Programming
Arenas Types Types
Plays Resource terms Executions
Strategies Terms Programs
This talk:

Introduction to PCG (and HO)
Isomorphism for terms in normal form
Dynamics of PCG

Pointer Concurrent Games and the Resource Calculus




| — Introduction to Game Semantics

Hyland-Ong Games

Pointer Concurrent Games
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A play s in an arena A is an alternating sequence of events on A, with pointers.



A play s in an arena A is an alternating sequence of events on A, with pointers.
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A play s in an arena A is an alternating sequence of events on A, with pointers.

Example.
n+m= 7
n= 7
n=>5
m= 7 o + o + _
m=3 q oo q; oo 5 qy, 3 8"
n+m=38
® K] e
- E .......
Opponent Player

A play in nat; — nat, — nat
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Intuition: [ should
forget when Opponent
backtracks.

Mellies' homotopy
relation ~ equates
plays which only differ
by Opponent’s
scheduling.

Example.

Innocent strategies
are stable by ~.

((a=a) = (¢ = a) = a) =& «
-q"

((a=a) = (a = a) = a) > « ((a=a) = (a = a) = a) = «

qt q

alama)zlama)=a g oyl 1 [z FITT



A configuration is x = (|x|, —x, Ox) where: (0 = a) = (a—=a) = a) > «
o (x|, —x) is a finite forest T
o Oy : |x| — |A| preserves minimality and e
causality - o
Rl Q-
q'-
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q*



Pointer Concurrent Games: Configurations and Augmentations

A is x = (|x|, =, Ox) where: (@ = a) = (@ = a) 2 a) > «a
(|x], —x) is a finite forest

Ox : |x| — |A| preserves minimality and
causality

An is p= ((p), —p) where:
(p) is a configuration,

(lpl, —p) is a forest which augments the
static links in — ;) with causal links

(a—=a)=(a—a)—a a a e
from negative to positive moves. Af A Aty AT
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Il — Static isomorphism between PCG and the Resource Calculus

The extensional resource calculus

Augmentations are normal resource terms



Types: A/B,...:=a|A— B.



Types: A/B,...:=a|A— B.
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Types: A/B,...:=a|A— B.

Interpretation:
[a] ESI
[A— B] = [A] = [B] Arena A = B.

Contexts: _
a by
1

= & IA
(x:A)er aj b;—

Arena A ® B.




(var) MNx:AFs:B (abs)
Mx:AFEx:A MN-ixs:A—B
Tks:A=B ThHH:A ... ThHt:A

(app)

Mes[ty,...,ts] : B



(var) Mx:AFs:B (abs)
Mx:AbEXx:A l-Xxs:A—B
lFs:A—B TFE:A rM-#:A ... Tkt A
A S (app) - p (bag)
lFst:B rt: A
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A (bag)

Trms:A—B Thgt:A

a
MNrmst:B (app)

Typing rules for the simply-typed 7-long resource calculus.



Mx:Abtns: B (abs) MlM-tnsg:A - M1 osp:
abs
MN+m Ax.s:A— B Mgg [S1,...,8:] 1 A

A (bag)

Trms:A—B Thgt:A

a
MNrmst:B (ap)

Mx:...Fggd1: Ay -+ Mx:...FBg5n: Ap

(var)

Mx:AA— ... A, 2abFr, x5 ... %«

Typing rules for the simply-typed 7-long resource calculus.
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: : M= A M+ T A

Mx:Abtns: B (abS) Tm S1 Tm Sn (bag)

MNtm Axs:A— B Mgg [S1,...,8:] 1 A
rFTmSZA%B rFBngA
_ (app)
FrMN-rtmst:B
F,x:ﬁ—)al—sqf:/—\' kg 51 AL - IFeg 501 Ag
- (var) - = (seq)

Mx:A=abt, x5« Mg (5153 50) 1 (Ar, .o, An)

Typing rules for the simply-typed 7-long resource calculus.



Our Goal:
M s Al € Aug,([T] + [A])

IFFE, 5 Allse € Aug([T] - [A])

Ireef s Alls, € Aug([r] F [A]) Arena A I B.
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MFpg 51 AL -+ Thpg 5,1 Ay
rl—sq <§1,...,§n> . <A1,...,An>

(seq)

Proposition. We have a bijection:

(Save: TTy Aug(TH A)) = Aug(M - QL A)



r r A r r A
S A B
(seq)

rl—sq <§1,...,§n>Z<A1,...,An> - -
[T Feg 51t Arlleg I Feg =t Azflgg

Proposition. We have a bijection:

(Save: TTy Aug(TH A)) = Aug(M - QL A)



r - A r + A
SR
(seq)

rl—sq <§1,...,§n>Z<A1,...,An> - -
[T Feg 51t Arlleg I Feg =t Azflgg

Proposition. We have a bijection: At @ A

(“awg: [T Aug(TEA) = Aug(T- @i, A) /_\ /_\ /—\

[IT Fsq (51, 50) 1 (A1, Ag) |5
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r|—Tm$12A FI—Tms,,:

A
(bag)
FI—Bg [S]_,...,S,,]ZA

Proposition. We have a bijection:

Mavg(—): Mr(Aug, (T = A)) = Aug(l - A)



rr A rr= A
rFBg[S]_,...,S,,]ZA
||F '_Tm S A”Tm ||F }_Tm Sy A||Tm

Proposition. We have a bijection:

Mavg(—): Mr(Aug, (T = A)) = Aug(l - A)



rr A rr= A
rFBg[S]_,...,S,,]ZA
||F '_Tm S A”Tm ||F }_Tm Sy AHTm

Proposition. We have a bijection:

I = A
Mavg(—): Mr(Aug, (T = A)) = Aug(l - A) /_\ /\

T Feg [s1, ] - Allg
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Mx:Abrns: B
' Axs:A— B

(abs)

Proposition. We have a bijection:

AP Aug (T @ AF B) = Aug,(T+A— B)



r ® A+ B

MNx:Abt,.s: B
ETIN 2T (abs) /_\ﬂ

' Axs:A— B
ITyx:Abrn s : Blltm

Proposition. We have a bijection:

AP Aug (T @ AF B) = Aug,(T+A— B)



r ® A+ B

MNx:Abt,.s: B
ETIN 2T (abs) /_\ﬂ

' Axs:A— B
ITyx:Abrn s : Blltm

Proposition. We have a bijection: r - A=28

AP Aug (T @ AF B) = Aug,(T+A— B) /_\ ﬂ

||F Frm Ax.s 1 A— B”Tm
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I, x A« Fsq £ A

(var)

F,X:A'—>al—mef’:a

Proposition. We have a bijection:

0O(=): Aug(T, A— aF A) = Augi(T,A— at a)



r « (A = o + A
F,X:A'—>a|—5qf‘:ﬁ / \
(var)

Mx:A=sabr,xtia ITx: A= ate t: Al

Proposition. We have a bijection:

0O(=): Aug(T, A— aF A) = Augi(T,A— at a)



r « (A = o + A
F,X:A'—>al—sqf‘:ﬁ / \
(var)

Mx:A=sabr,xtia ITx: A= ate t: Al

r « (A = o F+ o
e q+ — q7
D(—):Aug(l’,ff—)al—ﬁ) = Aug’.‘(F,ﬁ—)al—a) / / \\ \

Proposition. We have a bijection:

IFx: A= abrmxt:altm



Theorem. For I" a context and A a type, there are bijections:
Aug, ([T F [A])

Aug([r] - [A])
Aug([r] - [A]).

=l ¢ Tmu(T3A)
I ~lles : Bew(:4)
I =llse = Sem(T:A)

11 1R



[l = Dynamic isomorphism between PCG and the Resource Calculus

Composition in PCG
PCG as a category
Resource categories

PCG is a resource category



How do we compose r: nat - bool with p: bool - bool ?
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How do we compose r: nat - bool with p: bool - bool ?

qt 4 i . .: q
L / N q
T+ T+ I T; /

T+

Interaction r ®,, p




How do we compose r: nat - bool with p: bool - bool ?

q*4 K Sq° : q*/
] - T'/ 7
LN / >\§q+ \.q+
Ll ) 7 v
= —

Interaction r ®,, p Composition r ®, p
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How do we compose r: nat - bool with p: bool - bool ?

+

.
N
LS /q

~

T~

T+

Interaction r ®,, p Composition r ©, p Composition r ©,, p
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Composition in PCG.

rOeyp # roypp !

The composition of r and p is:

poOr = Z POy r

P rrhs = Pihs



Composition in PCG. Substitution in the resource calculus.

roup £ roup | (A X)) (v, 2l/x) = Affy] [2]
+ ALF I Y]

The composition of r and p is:

por = > pO,r

P rrhs = Pihs



Composition in PCG. Substitution in the resource calculus.

roup £ roup | (A X)) (v, 2l/x) = Affy] [2]
+ ALF I Y]

The composition of r and p is: Intuitively, the substitution s{t/x) is:
pOr = ), pOr sE) = > s
P:rhs = Pihs 0 ot(:)%u;riel:\cses o~ F



Strategies in PCG are sums of augmentations:

7= Y olo)p.
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Strategies in PCG are sums of augmentations:

7= Y olo)p.

pEAug(A)

The composition of the strategies 0 : A-B and 7 : BF Cis:

TecE Y a(p)r(r)-(rop).
pEAug(A-B)
reAug(BHC)



Consider x € Conf(A).
The copycat augmentation on x is:

= “xFx".



. Example.
Consider x € Conf(A).
The copycat augmentation on x is: o = o
= “xFx". q-



Example.
Consider x € Conf(A).

The copycat augmentation on x is: 0o = o F o = o

= “xFx". -




. Example.
Consider x € Conf(A).
The copycat augmentation on x is: 0o = o L o = o

= “xFx". -

The copycat strategy on A is:

/
q
idAdéf Z %.ch_ \

x€Conf(A)
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PCG is a category with: Theorem. PCG is a SMCC.
o Arenas as objects;

o Strategies as morphisms;

e © as the composition; Theorem. There is a structure preserving
» Copycats as identities. functor from PCG to HO.



A resource category is an additive
symmetric monoidal category where each
object A has a bialgebra structure and a
pointed identity id5.



A resource category is an additive
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® non-erasing: idyona=0



A resource category is an additive @

symmetric monoidal category where each = @ @ + @ @
object A has a bialgebra structure and a @

pointed identity id5.

A pointed identity id, is:

o idempotent: id oidy = idy
o non-erasable: eaoidy =0

® non-erasing: idyona=0

e non-duplicable




Resource Categories

A is an additive
symmetric monoidal category where each
object A has a bialgebra structure and a
pointed identity id5.

SclcHclo

A is:
idempotent: idy oidy = id} @
non-erasable: eaoidy =0 - @D =) + (ea @D
non-erasing: idyona=0 @

non-duplicable
non-duplicating
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A morphism f € C(A, B) is pointed, noted f € Co(A, B), if:

idy o f = f



A morphism f € C(A, B) is pointed, noted f € Co(A, B), if:

idy o f = f

Intuition:

pointed morphisms
= resource terms

= pointed augmentations



A morphism f € C(A, B) is pointed, noted f € Co(A, B), if:

idy o f = f

Our Goal:
[FTErms: Al € Co([T]F [A]D

Intuition:

pointed morphisms

= resource terms [Mheg 5:A] € M¢(Co([T] F [A]))
= pointed augmentations .
[Mhsy 5 A] € (MeCuITTH [AD) ) e,



Consider f: A— Band g: A— B. @
Their union f xg: A— B is:

f =
f*gdéf,uBo(f@g)oéA & e e




Consider f: A— Band g: A— B. @
Their union f xg: A— B is:

frxg =
f*gdéf,uBo(f@g)oéA € e e
It's similar to Maug[—]! @




Key Lemma.
Consider f € M¢(Co(A, B)), then:

1. “Non erasable”:

- 1 iff=[]
f = ,
B ° H {0 otherwise



Key Lemma.
Consider f € M¢(Co(A, B)), then:

1. “Non erasable”:

5BOHF={1 iff:[] HF quﬁ*ﬂnﬁ@’né

0A
A—ARA

0 otherwise ’

B——B®B

B
2. “Non duplicable”.



Theorem (Interpretation). We have an interpretation:
[FErms: Al € Co([F]+ [AD)
[FFeg5:A] € Me(Co([F] F [AD))

[k, 5 ﬁ]] e (Me(Co(ITT + [AD)) >1gign



A sound interpretation

Theorem (Interpretation). We have an interpretation:
[FTErms: Al € Co([T] F [ADD)
[MTFee5:A] € Me(Ca([F] F [A]))

—

[FH.8:A) € (Me(C(lTTF [AD))1cic,

Theorem (Soundness). Consider S € XTm(; A).
If S~ S’, then [S] = [5'].
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Pointed identities in PCG are:

- @ def 1
IdA = Z %'CX.

x € Confq(A)



Pointed identities in PCG are: Lemma. Pointed morphisms in PCG are:
. 1
idy = Z — . o = Z a(p) - p.
5(x)
x € Confe(A) p € Aug,(A)



Pointed identities in PCG are: Lemma. Pointed morphisms in PCG are:
. 1
idy = Z — . o = Z a(p) - p.
5(x)
x € Confe(A) p € Aug,(A)

Theorem. PCG is a resource category.



Theorem. PCG is a resource category.



Theorem. PCG is a resource category.

Corollary. There is a sound interpretation [—] : A — PCG.



Theorem. PCG is a resource category.
Corollary. There is a sound interpretation [—] : A — PCG.

Theorem. Consider s € Tmp¢(I'; A). Then [s] =1 - ||s||1m.

Normalising a resource term is computing its semantics!
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Perspectives:

HO 1. Taylor expansion?

AN
(innocent strategies) T(M) NF(T(M))

M
(e —{Pcq) |2 |~
(pos. inj.) \ M] = [T(M] = [INF(T(M))]

(NF) Resource
Categories
2. Untyped calculi?
Lo typ
Resource
7(-) '| Calculus

Thanks!!
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